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Using methods of descriptive theory it is shown that the classification 
problem for wild knots is strictly harder than that for countable structures. 


1 Introduction 

A knot is a homeomorphic image of in S^. Two knots k and k' are equivalent if 
there exists a homeomorphism h: ^ such that h[k] = k', where f[A] denotes 

the image of the set A under /. Denote this equivalence relation by Ek- If a knot is 
equivalent to a hnite polygon, then it is tame and otherwise wild. There has been a 
signihcant effort to classify various subclasses of wild knots: from early [FH62, DH67, 
Lom64, McP73] till recent [JL09, Fri03, Nanl4]. Also higher dimensional wild knots 
have been addressed [FriOS, Fri04], and replacing by the Cantor set one obtains 
the related study of the so-called wild Cantor sets whose classihcation (up to an 
analogously dehned equivalence relation) has also been of interest because of their 
importance in dynamical systems [GRWZll], 

In this paper it is shown that does not admit classihcation by countable struc¬ 
tures while the isomorphism on the latter is classihable by E^- More precisely we show 
that Ek is strictly above the isomorphism relation on countable structures in the Borel 
reducibility hierarchy. This is proved by Borel reducing both the isomorphism on linear 
orders (which is sufficient by a theorem of L. Stanley and H. Friedman, cf. Theorem 2.4 
of this paper) and a turbulent equivalence relation to Ek (Theorems 3.1 and 4.1). 

This implies in particular that wild knots cannot be completely classihed^ by real 
numbers considered up to any Borel equivalence relation (see remark after Theo¬ 
rem 2.4). 

*Kurt Godel Research Center for Mathematical Logic, University of Vienna, Wahringer Strafie 25, 
1090, Vienna Austria 

^That is, not in any reasonable way, cf. [Gao08, HjoOO, Rosll] for the theory of classification 
complexity. An example of a non-reasonable classification would be to attach real numbers to the 
knot types using the Axiom of Choice. 
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2 Preliminaries 

In this Section we introduce the basic notions and theorems that we need in the paper. 

Polish Spaces and Borel Reductions 

For any metric space {X, d) we adopt the following notations: 

Bx{x,6) = {y e X \ d{x,y) < 6}, 

Bx{x, 6) = {y e X \ d{x, y) ^6}, 

Bx{A,S) = {yeX\d{A,y)<S}, 

Bx{A,5) = {yeX\d{A,y)^5}, 

where d{A,y) = inf{d{x,y) \ x G A}. We drop “X” from the lower case when it is 
obvious from the context. 

2.1 Definition. A Polish space is a separable topological space which is homeomor- 
phic to a complete metric space. The collection of Borel subsets of a Polish space is 
the smallest a-algebra containing the basic open sets. A Polish group is a topologi¬ 
cal group which is a Polish space and both the group operation and the inverse are 

continuous functions. 

A pair (A, B) is a standard Borel space if 13 is a a-algebra on A and there exists a 
Polish topology on A for which B is precisely the collection of Borel sets. 

A function f: A ^ B, where A and B are standard Borel spaces, is Borel, if the 
inverse image of every Borel set is Borel. 

Suppose A and B are standard Borel spaces. Then an equivalence relation E G Ax A 
is Borel reducible to an equivalence relation E' G B x B, if there exists a Borel map 
f A ^ B such that for all x,y & A we have 

xEy ^ f{x)E^f{y). 

In this case we can also say that the elements of A considered up to ^equivalence are 
classihed in a Borel way by the elements of B considered up to i3'-equivalence, or just 
denote it by E E'. This is a quasiorder (transitive and reflexive) on equivalence 
relations. 

If G is a Polish group which acts in a Borel way on a standard Borel space B through 
an action tt, then we denote by E^^ the orbit equivalence relation dehned by 

{x,y) e Eq^^ 3g e G{TT{g,x) = y). 
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In this case we say that Eq^ is induced by the action of G on i? and often drop 
“tt” from the notation when it is either irrelevant or clear from the context. Such an 
equivalence relation is analytic as a subset oi B x B. 

2.2 Fact. ([Kec94, Cor 13.4]) If is a standard Borel space and B & B, then 

{B,B \B) is also a standard Borel space. □ 

2.3 Example. The complex numbers C is a Polish space and the unit circle C C is 

a Polish group whose group operation is the multiplication of complex numbers. The 
countable product is a Polish group as well in the product topology. Given a 

compact space X, the group of self-homeomorphisms Hom(X) is Polish in the topology 
induced by the sup-metric [Kec94]. 

Let L be any countable (first-order) vocabulary and let S{L) be the set of all count¬ 
able L-structures with domain N. This space can be viewed as a Polish space, in fact 
homeomorphic to the Cantor space 2^. For instance, if L contains just one binary 
relation R, then for each G 2^, let Ari be the model with domain N such that for all 
x,y eN, {x,y) ri{n{x,y)) = 1, where ttiNxN—)-N isa bijection. Denote 

by —s{L) the isomorphism relation S{L) and more generally, if M C S{L) is closed 
under isomorphism, denote =m = —s{l)\ M. It is not hard to see that =s{l) is induced 
by an action of the inhnite symmetric group Soo (cf. [GaoOS]) which is Polish as the 
subspace of the Baire space 

Let L = {<} be a vocabulary consisting of one binary relation and let LO C S{L) 
be the set of linear orders. It is a closed subset [FS89] and so Polish itself. 

2.4 Theorem (H. Friedman and L. Stanley [FS89]). =lo is ^B-i^aximal among all 

isomorphism relations, i.e. —s(l) —lo holds for any vocabulary L. □ 

In particular =lo is not Borel as a subset of LO x LO, because the isomorphism 
relation on graphs is complete analytic as a set [FS89, Thm 4] and is Borel reducible 
to =Lo by fhe above. If an equivalence relation E is reducible to =s(l) for some 
L (or equivalently to =lo) we say, following [HjoOO], that E admits classification by 
countable structures. 

Turbulence 

Turbulent group actions were introduced by G. Hjorth in [HjoOO]. The idea of tur¬ 
bulence is roughly to characterize those Polish group actions whose orbit equivalence 
relation does not admit classihcation by countable structures. 

2.5 Definition (Hjorth). Suppose that X is a Polish space and let G be a Polish 
group acting continuously on X. For x E X denote by [x] = [x\g the orbit of x. This 
action is said to be turbulent, if the following conditions are satisfied: 

1. every orbit is dense, 

2. every orbit is meager. 
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3. for every x,y G X, every open U C X with x ^ U and every open V C G with 
Iq G V, there exist a ?/o G [y\G and sequences {gi)iGn in V and in U 

such that yo is an accumulation point of the set {xi | i G N} and xq = x and 
Xj+i = giXi for all i G N. 

Equivalence relations arising from turbulent actions do not admit classihcation by 
countable structures [HjoOO, Cor 3.19]: 

2.6 Theorem (Hjorth). Suppose that a Polish group G acts on a Polish space X in 

a turbulent way. Then Eq does not admit classification by countable structures, i.e. 
Eg =s{l) for any L. □ 

By Theorems 2.4 and 2.6, if one wants to show that some equivalence relation E 
is strictly ^^-above the isomorphism of countable structures, it is sufficient to prove 
—Lo E and E* ^b E for some turbulent E*. This is our plan for E = E^ In this 

case the turbulent equivalence relation E* will be a certain relation on (5'^)^. 

2.7 Definition. Let us represent the unit circle as = [—tt, tt]/{—tt, tt}, i.e. the 
closed interval [— tt, tt] C M with the end-points identihed. Denote by Sf the unit circle 
in the complex plane equipped with the group structure induced from multiplication 
in C and let r: Sf^S^he the homeomorphism r: e*® h-)■ 0. This induces canonically 
a group structure on S^. 

Let X = be the set of sequences on with the Tychonoff product topology. 

Since is a topological group, this induces a group structure on X. Let G C X 
be the subgroup of those x for which hm„^oo Xn = 0. This group is Polish when 
equipped with the sup-metric which induces a hner topology than that inherited from 
the ambient space, but gives the same Borel sets, i.e. the group is Polishable. We say 
that two sequences x',x G are E*-equivalent if x' — x E G. Thus E* is induced 

by the action of G given by translation. If one replaces by M in the above, then 
this equivalence relation is proved to be turbulent in [HjoOO, § 3.3]. The same proof 
works in this case as well; the only difference is that in his proof Hjorth uses division 
of reals by natural numbers and taking their absolute value. The only problem is the 
element tt = {—7r,7r} of S^, so for the sake of the proof one can dehne n/k = n/k for 
all A; ^ 2 and |7r| = tt and otherwise simply compute everything as in M. The essential 

properties that \x/k\ 0 and {x/k + ■ ■ ■ + x/k) = x are then preserved. 

"-V-' 

k times 


The Space of Knots 

We think of as the one-point compactihcation U {c)o}. The unit circle is 
parametrized as described in Dehnition 2.7, but this parametrization is relevant only 
in Section 4. Let K{S^) be the space of compact subsets of equipped with the 
Hausdorff metric: 

dKis^fiKo,K,) = inf{£ I Ko C B{K,,e) A K, C B{Ko,e)}. (1) 
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This space is compact Polish [Kec94]. Let /C be the subset of K{S^) consisting of 
knots, i.e. homeomorphic images of S^. The following is a consequence of a more 
general theorem by Ryll-Nardzewski [RN65]: 

2.8 Theorem. K is a Borel subset of K{S^) and so by Fact 2.2 it is a standard Borel 

space. □ 

2.9 Definition. Suppose X, Y are a topological spaces and A C X, B C Y are subsets. 

We say that the pairs {X,A) and {Y,B) are homeomorphic (as pairs) if there exists 
a homeomorphism h: X ^ Y with h[A] = B. Thus, a knot can be thought of as a 
pair [S^, K) where K is homeomorphic to . Two knots K and K' are equivalent, if 
{S^,K) and are homeomorphic as pairs. This is the equivalence relation on 

/C denoted by Ek- 

Ek is induced by a Polish group action in a natural way. Let Hom(S'^) be the group 
of homeomorphisms of onto itself. It is a Polish group (cf. Example 2.3) and it 
acts on /C by h ■ iP = h[K]. 

2.10 Definition. Let / be a set homeomorphic to the unit interval [0,1] and let B 

be a set homeomorphic to a closed ball in S^. We say that / :/—)■ R or (R, Im/) or 
{B,f) is a proper arc in B if x E dl f{x) G dB. Two proper arcs f: I ^ B, 

f':I^B' are equivalent if (R,Im/) and (R',Im/') are homeomorphic as pairs. In 
the case of knots and proper arcs we often abuse notation by denoting Im / by /. A 
proper arc is tame if it is equivalent to a smooth arc or equivalently a hnite polygon. 
It is unknotted or trivial if it is equivalent to 

(Rm3(0,1),[-1,1] X {(0,0)}). 

We say that a proper arc {B,f) has {B',g) as as a component, if there exists a 
proper arc (Rq, h) and Ri C Rq such that (R, /) is equivalent to (Rq, h), (Ri, h fl Ri) 
is a proper arc and (R', g) is equivalent to (Ri, h fl Ri). This is clearly independent of 
the choice of representatives. 

3 Embedding =lo into Ek 

3.1 Theorem. There is a Borel reduction =lo E^. 

Proof. The idea is the following. A linear order L is embedded into the unit interval 
I such that every point in the image is isolated. Then the knot is constructed by 
replacing a small neighborhood of each such point by a singular knot depicted on 
Figure 1. Now the order type of the isolated singularities of the resulting knot is the 
same as the order type of L. All the technical details below are there to ensure that 
this function is indeed a Borel reduction of =lo into E^- 

Similarly as in Dehnition 2.3, let LO be the set of those R G 2^^^ which define a 
linear order on N. Let LO* be the space of those (R, S) G (2^^^)^ for which R dehnes 
a linear order on N with 0 being the smallest element and with no greatest element 
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and S{n,m) = 1 if and only if there are no elements -R-between n and m. Since S 
is first-order definable from R, there is a canonical Borel map LO —)■ LO* which is a 
redaction from =lo to =lo*: For a linear order L, first letL' = 
and then canonically dehne (/?, S) so that R is L'. Obviously this is a Borel reduction 
and so it is sufficient to reduce =lo* info Ek- Suppose L = {Rl, Sl) is an element of 
LO*, where we also denote Rl = <l- Let /z,: N —)■ M be a map and iV^) a sequence 
of open intervals defined by induction as follows. First /l( 0) = 1/4 and = ]0, 
Suppose fiijn) and are dehned for m < n such that for all distinct m',m < n 

• /^(nr) is the middle point of V^, 

• m' <Lrn 

• nV^ = 0, 

• sup < 1, 

• if m' <z, m, then inf — sup V^, = 0 (m', m) G S^. 

There are two cases: either m <l n for all m < n or there are m', m < n such that 
m' <L n <L m and there is no /c < n which is <L-between m' and m. In the hrst 
case let mo be the <L-largest among all m < n. Let fiiji) = sup -|- |(1 — sup 
and if (mo,n) G S', then let = B{fL{n),fL{n) — supIT^^j) and otherwise let = 
Bifiin), |(/L(n) — supO^jj)). In the second case dehne 

( f(supl/^, + if {m',n) G S (n, m) G Sl 

fL{n) = < sup V^, + |(inf - sup Vj^,) if (m', n) G Sl and (n, m) ^ Sl 
[supl/,^, -h if {m!,n) ^ Sl and (n,m) G Sl- 

Then dehne 

'B{fL{n),\{udV^ -supO^,)) if (m',n) G Sl and (n,m) G Sl 

yL ^ ^ B{fL{n), - supO^,)) if ^ Sl and (n,m) ^ Sl 

5(/i(n), fL{n) - sup V^,) if (m', n) G Sl and (n, m) ^ Sl 

^5(/i(n),inf - /L(n)) if (m',n) ^ Sl and (n,m) G Sl- 

This ensures the following: 

1. for every distinct n,m eN the sets V^, are disjoint and fL^n) is the middle 
point of V/f, 

2- UneN is dense in [0,1], 

3. if L f {0,..., n} = L' f {0,..., n}, then = f^' \ {0,..., n} and 

for all m ^ n- 

4. sup Vjf = inf n <L m and (n, m) G Sl 
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Figure 1: The singular arc whose copies are concatenated to form the knot F{L). 
Figure produced by MetaPost. 


5 . fL{m') < fL{m) m' <l m. 

Now pick open intervals C such that C and fhin) is the center of 
U^. Thinking of M as the x-axis of replace each by the open ball with the 
center at fiin) and radius \\U^\. Now build the knot K = F{L) C as follows. 
Let = (M \ [0,1]) U {c>o}. For each n G N let C be a proper arc in 
with end-points coinciding with the end-points of U^. This arc is equivalent to 
the knot depicted on Figure 1, it is a knot sum of inhnitely many trefoils and has one 
singularity precisely at /L(n). Let cover the rest: = [0,1] \ IJneN^n- Now 

dehne 

K = F{L) = y 

a;£{a,r}UL 

Let US show that F is continuous. Let L G LO*. We will show that for every open 
neighborhood U of F{L) there is an open neighborhood of L which is mapped inside 
U. Suppose that U is the e-ball with center F{L) in the Hausdorff metric, cf. 1. Pick n 
so large that \Vj[‘\ < e/2. We claim that for any L' with L' [{0,..., n} = L [{0,..., n} 
we have F{L') C B{F{L),e) and F{L) C B{F{L'),e). The argument is symmetric, 
so we will just show the hrst part. If x is in F{L'), then it is in one of the sets 
for 2 : G {a, r} U N. \i z E {a,0, ...,n}, then by 3, a; G F{L). Suppose x G 
for some m > n. Denote by prx the projection of x onto the x-axis, so we have 
d{x,pTx) < e/2. On the other hand prx ^ B^ for any k ^ n, so d(j)Tx, F{L)) < e/2 
and we have x G B{F{L),e). 

Suppose L = L' are isomorphic structures in LO* and let 5 ^: N —)■ N be a witnessing 
isomorphism. It induces an order preserving map ho from /l[L] onto /l'[L'] dehned 

by fdn) /i(9(n))' Let _ 

Wi = VI X 

and 

v,,y = yv X 

Call these sets “walls”. Restricted to W/', the domain of ho is just the singleton 
{fiin)} which is mapped to {fL'{.9in))}. Let h”: B^^ —)■ be a homeomorphism 

such that hi(/i(n)) = fii{g{n)) = hoifiin)), which takes to This is possible 
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because these arcs are equivalent. Let = ^max{|l/^|, and let 

be a homeomorphism which extends h” and with the property that for all x G 
[—Mn,Mnf and zi, Z 2 , z[, Z 2 the left and right endpoints of and respectively 
we have 

h 2 {zi,x) = {z[,x). 

Finally dehne a homeomorphism hg : —)■ Wg^n) which extends such that 

For every [x^yi^y^) G x with max{|/i,|/ 2 } > Mn 

we have /i 3 (a;, yi, 1 / 2 ) = W, yi, 1 / 2 ) for some x'. (P) 

Consider a pair {n,m) such that {n,m) G Sl and n <l m. Then by the dehnitions 
above for all x G IF^ fl IF^ we will have 

h-{x) = K{x) {Q) 

Let ha be the identity on \ [0,1] x Consider x which is a cluster point of Im f^. 
Let x' be the corresponding point in Imfi. Dehne hr{x,yi,y 2 ) = {x',yi,y 2 ) for all 
( 1 / 1 , 1 / 2 ) £ 1^^- By (P) and {Q) above and noting that 0, the nnion 

h = haUhrU[^h'^ 

nSN 

is a well dehned function and is a homeomorphism. 

On the other hand suppose there exists a homeomorphism h which takes F{L) to 
F{L'). Without loss of generality we can assnme that h{oo) = 00 , i.e. h restricts to a 
homeomorphism of Let be {x G F{L) | a; is a singularity}, be the set of 
isolated points in and similarly dehne S/,/ and for L'. A singular point can 
only go to a singnlar point in a homeomorphism because all other points are locally 
nnknotted bnt every neighborhood of a singnlar point contains trefoils as components 
(Dehnition 2.10). Hence h f is a homeomorphism onto T,li. JSi is a subset of 
the x-axis which we identihed with M, so we can dehne the order <]k on IT^l and by 
3, fn{L) is an order isomorphism from (N, <l) to (/S^, <]k) and same for L'. Being 
an isolated point is a topological property, so h \ ITii is in fact a homeomorphism 
onto h \ Also, it has to preserve the betweenness relation: suppose x,y,z are 

points in such that x y <s. z. Now x and x divide the knot into two arcs 

one of which is bonnded in and y is in this bonnded arc. If h mapped y snch that 
it is not <R-between h{x) and h{z), then it would mean that h{y) is mapped to the 
unbonnded component of F{L') \ {h{x),h{z)} which is a contradiction. This implies 
that o [h \ IT^l) o is a bijection which is either order-preserving or order- 

reversing (because it preserves betweenness). Bnt since we assumed that the elements 
of LO* have a smallest element bnt no largest, mirror images are out of the question, 
so it is in fact an isomorphism. □ 



4 Reducing a Turbulent Relation to Ex 

Recall the equivalence relation E* from Definition 2.7. The proof of the following 
theorem can be found after all the preparations on page 26. 

4.1 Theorem. The equivalence relation E* on (cf. Definition 2.7) is continu¬ 

ously reducible to E^. 

Let us begin with some preliminaries in topology. For metric spaces X and Y, where 
Y compact, let C(X, F) be the space of all continuous maps from X to F equipped 
with the sup-metric. A map f'.X —)■ F is L-Lipschitz, for some L > 0, if for all 

y ^ X 

dY{f{x),f{y)) ^ Ldx{x,y). 

The function / is L-colipschitz, if for all x,y E X 

dY{f{x),f{y)) ^ ^dx{x,y). 

The function / is L-bilipschitz, if it is both L-Lipschitz and L-colipschitz. Note that 
the notion of L-bilipschitz makes sense only when L ^ 1. Also note that if / is L- 
colipschitz and onto, then / has an inverse and this inverse is L-Lipschitz. Thus, one 
can say that an onto function / is L-bilipschitz if both / and its inverse are L-Lipschitz. 

A map between metric spaces is locally L-Lipschitz if for every point in the domain 
there exists e so that the function is L-Lipschitz restricted to the e-neighborhood 
of this point. Analogously dehne locally L-colipschitz and locally L-bilipschitz. The 
length of a path in a metric space is dehned through the supremum of the lengths of 
hnite polygons approximating the path. Assuming that there are paths of hnite length 
between any two given points (call such spaces length-spaces), one can dehne the path 
metric dP given by the inhmum of all path lengths from one point to another. All 
spaces in this paper are length spaces. The following is a standard theorem of metric 
topology. 

4.2 Proposition. Suppose f:X —)■ F is a locally L-Lipschitz homeomorphism for 

length spaces X, Y. Then f is L-Lipschitz as a function from from (X, to (F, dy) 
where and dy are path metrics on X and Y respectively. Same for “Lipschitz” 
replaced by “colipschitz”. □ 

Denote by D). = RR2(0,r) the two dimensional closed disk with radius r. Let 
be the solid torus T^ = D") x S^. The metric on this torus is the product metric: 
dTr{{x, s),{y,t)) = a/ dR 2 (x, y)"^ -|- d^i {x, y)'^. Note that from our parametrization of 
S^ (Dehnition 2.7) this metric coincides with the path metric on T^, i.e. it is in a sense 
“convex”. 

We dehne a tnbnlar neighborhood in a little bit non-standard way. For a proper 
arc / :/—)■ Rq, as in Dehnition 2.10, the set T{f,e) = Bs3{f[I],e) fl Rq is a tubular 
neighborhood of / if there exists an embedding h : x I ^ S^ snch that 

• Imh n Ro = T{f,e), 
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• /i(0, s) = f{s) for all s E I, 

• for all e' < e and x G Im(/) the set B{x,e') fl /[/] is connected and represents 
an nnknotted proper arc in B{x,e), 

• h \ X {s} is an isometry onto the disc D G which is orthogonal to / at 
f{s) and whose middle point is f{s). 

Similarly dehne this for a knot /: —)■ just replacing I with S^. The following is 

a standard fact in knot theory and differential topology in general: 


4.3 Theorem. For every smooth proper are or a knot f there is e > 0 such that 
T{f,e) is a tubular neighborhood of f. 

Proof. Let us prove this for a knot /: —)■ so the result for a proper arc follows: 

every proper arc can be extended to a knot by connecting the end-points in the ambient 
space. We can assume without loss of generality that |/'(<s)| > 0 for all s. Let G C 3“^ 
be the set of all the directions of the gradient: 


G={ 


fjs) 


S e S^}. 


Since / is smooth and compact, G is nowhere dense, so there exists sq E \ G. 
For every s E let Mg be the 2-dimensional subspace of orthogonal to f'{s) and 
let Ug be the orthogonal projection of Sq to Mg which is normalized to length 1 (since 
So ^ G, the orthogonal projection is non-zero). Since / is smooth, s ^ Ug is also 
smooth and Ug is normal to f'{s). Let 


f{s) X Ug 

\f'{s) X Ug 


Now define the following map: 




g{x, y, s) = xug + ybg -h /(s). 

By the smoothness of /, s ^ Ug and s ^ bg, g is also smooth. By smoothness and 
compactness one hnds e such that restricted to x S^, g is injective. It is easy to 
see that all the conditions for tubular neighborhood are satished in particular because 
/[S*^] is now a strong deformation retract of g[Dl x S*^], so restricted to x S^, g 
witnesses that T{f,e) is a tubular neighborhood. □ 

If e is such that T{f,e) is a tubular neighborhood, we say that e is tubular for f. 
It is easy to see that if e is tubular for /, then so is every e' < e. 

4.4 Lemma. Suppose f: I B is a smooth proper arc in a closed ball B = B{x,r). 
Suppose e is tubular for f. Then any tame proper arc fo E B(j(i^B){fG) has f as a 
component. 
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Proof. Suppose /o G is a tame proper arc. Without loss of generality 

I = [0,1] is the unit interval. Suppose g: x J —)■ is a homeomorphism witnessing 
that T{f,e) is a tubular neighborhood. There is a (5o such that 

X [0,(5o] ,7o), 

where 70 = Im( 5 f“^ o /g) D x [0,(5o], is unknotted. Let (5i be so small that 

{B{x, r-Si),fn B{x, r - ^i)) 

is a connected proper arc equivalent to {B, /). This can be found again by compactness 
and smoothness. Let <5 be the minimum of (5o and the following two: 

sup {(52 I /[O, 62 ] n B{x, r - Si) = 0 }. 

sup{(53 I /[I - 53 ,1] n B{x, r - Si) = 0 }. 

Let e' < e he such that g~^ o fo C D^, x / which exists by compactness and the fact 
that g~^ o /o is in the interior of x I. Denote 7 = Im( 5 f“^ o /g) fi D^, x [0, h] Since 
now 

x[0,5],7) 

is an unknotted proper arc, there is a homeomorphism of pairs 

H ; X [0,5], 7 ) ^ X [0,1 - h], {0,0} x [0,1 - 5]). 

Extend H io Hi: Dl x I x I so that Hi Exes {dD^) x I point-wise. Now 

go Hio g~^ can be extended to a homeomorphism of B (by just identity outside Imgf) 
witnessing that /g has / as a component. □ 

For our purposes we have to redefine the notion of a component of a knot. In 
Dehnition 2.10 we gave a fairly standard definition of what that means. However, it 
is not suitable for the kind of fractal knots we are dealing with in this section. For 
example the knot K{x) that we are going to define is not smooth at any point, so it 
will not contain any tame knot as a component. On the other hand it is built as a 
limit of tame knots such that every prime knot appears as a component of Kn for 
sufficiently large n. So we want to redefine the notion of a component to apply to snch 
wild knots in a more natural way. 

4.5 Definition. Let / :/—)■ .B be a proper arc (not necessarily tame) and g another 
proper arc. We say that / has g strongly as a component if there exists an e snch 
that every tame proper arc fi G B(j(pB){.f)^) has as a component. By the above 
Lemma, if / is smooth, then it has g strongly as a component if and only if it has it 
as a component, and this is witnessed by any e which is tubular for /. 

Having g strongly as a component is an invariant property: 

4.6 Lemma. If f: I —)■ B has g strongly as a component and H: B B' is a 
homeomorphism, then also {B', Hof) has g strongly as a component. 
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Proof. Suppose e witnesses that / has g strongly as a component. H induces a home- 
omorphism H of C{I,B), so there is e' such that 

H ^[Bc{i,B){H{f),e')] C e). 

Given any tame arc h G o /,e'), it is equivalent to H~^{h) = H~^ o h 

which is a tame arc in (/, e) and so by the dehnition of having g strongly as a 

component, has g as a component. □ 

4.7 Lemma. Let f: I ^ B be a proper arc and suppose that it has K strongly as a 
component which is witnessed by e. Suppose f': I ^ B satisfies d{f,f) < e/2. Then 
f has K strongly as a component. 

Proof. Let g be any arc such that g G B(j(pB){.f'i ^/2)- Then d{f', g) < e/2 and by the 
triangle inequality we have d{g,f) < e and so g E BQ<(^jp-^{f,e). By the dehnition of 
having K strongly as a component, we see that g has K as a component, and so e/2 
witnesses that f has K strongly as a component. □ 

Before the next Lemma, let us state a well known fact from differential geometry: 

4.8 Fact. (Folklore) The operator norm of an {n x n)-matrix A is given by 

supllAxI: |a;| = 1, a; G M”}. 

A smooth function f from n-manifold N to n-manifold M is locally {L + e)-Lipschitz 
at X E N for all e > 0 if and only if the operator norm of the Jacobian at x is at 
most L. □ 

4.9 Lemma. If f: ^ is a smooth curve which is locally L-bilipschitz for some 

L ^ 1, then for every e > 0 it has a tubular neighborhood which is realized by a locally 
{L + e)-bilipschitz homeomorphism g: D): x ^ T{f,r) for some r. 

Proof. Let g be as in the proof of Theorem 4.3. Denote Ug = and bg = 

for all s and f{s) = {fi{s), f 2 {s), ffis)). The Jacobian of g at (0,0, s) is 

then 

fnl bl f[{s)\ 

J{s)= nl hi ffis) . 

\nl hi f'fis)) 

Let a; G be any unit vector, |a;| = 1, a; = (a;i, a; 2 , a; 3 ). Then 

J {s)x = XiUg + X2hg + Xsf^s). 

Since L ^ 1, |/'(s)| ^ 1, |ns| = |6s| = 1 and all these vectors are orthogonal to each 
other, we have: 

|J(s)x| = |a;ins + a;2&^ + a;3/'(s)| 

= \/xi + xl + xl\f'{s)\‘^ 

^ y^a;f|/'(s)|2 + a;i|/'(s)|2 + a;i|/'(s)|2 

= \f{s)\\/xl + xl + xl 
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This means that the vector x = (0,0,1) maximizes the norm of J{s)x whence it is 
|/'(s)| and so this means that the operator norm of J{s) is |/'(s)|. By the continuity 
of the Jacobian and compactness, we can find r such that the Jacobian of g at (x, y, s) 
for all (x, y) G Dl has operator norm at most \f'{s)\+e/2. Then restricted to 
g will be locally (|/X<s)| + e)-Lipschitz. Consider then the inverse Let x be 

arbitrary unit vector in the coordinate system (n^,6^,/'(s)/|/'(s)|) and consider 

iJi-Sy^iXiUs + X 2 bs + X3f{s)/\f{s)\)\ = \J{s)~'^J{s){Xi,X2,X3/\f{s)\)\ 

= |(a;i,a;2,a;3/|/'(s)|)| 

^ |(a;i,a;2,a;3)| 

= 1 


where the last inequality follows from the assumption that |/Xs)| ^ 1. So the operator 
norm of J{s)~^ is 1. By moving to yet smaller r, one can ensure that the operator 
norm of g~^ is everywhere at most l + e/2 ^ L + e/2. Thus, for this r, both g and 
g~^ are locally {L + e)-Lipschitz, and so g is locally {L + e)-bilipschitz. □ 


For a sequence of functions (/„) such that Im/„ C dom/„+i for all n, denote by 
Ol=i fk = fi° ■ ■ ■ ° fj their composition. The order matters in composition, so if J < h 
this notation simply means that the functions are taken in reverse order, for example 
one could write 



0/r'- 


2 = 5 


Otherwise we often omit the circle from the composition notation, writing just f o g = 
fg. We also sometimes omit the brackets from the function notation, i.e. f{x) = fx. 

Let {Kn)n£n enumerate all (tame) prime knot types (trivial knot not included). The 
content of the following proposition is partially illustrated in Figure 2. 


4.10 Proposition. There exist sequences {Sn), (A^), (L„), {gn) and (/„) such that for 
all n, 

(a) gn - and gn{0, s) = /„(s) for all s G 

(b) So = 1, Ln< 2^“" and 4A„+i < 2e„+i < A„ < ^ 2“”, 


(c) 20en+i is tubular for fn, 


(d) Imgn = T{fn,en+i) C T\^ and gn witnesses that T(/„,e„+i) is a tubular neighbor¬ 
hood of fn, 


(e) fn{s) = s for s ^ An) and fn{s) G An) for s G 5^1(0, A^), 

(f) {Bt,^ (0, An), fn n Bt^^ (0, An)) is o propcr arc of knot type 
( 9 ) fn is locally 1-colipschitz, 


(h) gn is locally Ln-bilipschitz, 
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(i) Qn is e'^/En+l-colipschitz. 

Proof. Let Sq = 1, Aq = 1/2, Lq = 3/2 and /o be a smooth map —)■ satisfying (e) 
and (f). By making the knot snfficiently small, we can make sure that the length of the 
curve is arbitrarily close to the length of S^, so that /o is locally LQ-bilipschitz for some 
Lq < Lq and we can also make sure that the gradient is always at least 1 , i.e. /o is 1 - 
colipschitz, so (g) is satished. As an induction hypothesis assume that Am,-Lm,/m 
are dehned for all 0 ^ m ^ n and is dehned for all 0 ^ m < n. If m < n, 
then all conditions are satished. For Sn, Xn, Ln, fn only (e), (f) and (g) are satished 
and additionally /„ is locally L'^-bilipschitz for some L'^ < Let be so small 
that is tubular for /„, that /?(/„, C Ta„, that a tubular neighborhood of 

thickness can be realized by a locally L„-bilipschitz function g'^: —)■ and 

so that < min{A„, 2“"'“^}. These are possible respectively by Theorem 4.3, by 

compactness, by Lemma 4.9 and the rest trivially. So let g'^ be this function. Now 

satishes (d) and (h), so everything except (i) is satished. By compactness and the 
fact that it is locally L^-colipschitz, there exists e so that g'^ is £“^-colipschitz. Let 
En+I ^ be so small that ^n+i/^n < Then let gn = {g'n \Te„+r)- Now fn = gn\ 
and all conditions are satished. Now dehne A„+i < En+i/2, Ln+i anything between 
1 and 2 ^ ” and fn+i to be from to satisfying (e), (f) and (g) and which is 
locally L^_,_^-cohpschitz for some < Ln+i- □ 

Let 6 **: Ti —)■ Ti be the rotation by s: 9^{b,t) = {b,t + s). Note that 9^6* = 

Let H( be the homeomorphism of Ti dehned by: Hl{b,t) = where 

r{b,s) = (1 — 2 max{ 0 , | 6 | — l/ 2 })s and let where (3^-. Ti ^ is the 

homeomorphism Pi,{b,s) = {Eb,s). It is clear that 

HI rT,/2 = r (2) 

and for all x E T ^/2 we have 

d{x, H^{x)) = d{x,9^{x)) = \s\ (3) 

and in general d{x, H^{x)) ^ |s|. Also for all x,y eT^ we have 

d{Hl{x),Hl{y))^d{x,y) + \s\. ( 4 ) 

Let L„ = n”=oTn. By (b), 

Ln < 5. (5) 

Let a; be a sequence in Dehne gf\ —)■ Ti by 

n 

gl=0 9^^g,9-^K ( 6 ) 

^=0 

It is easy to calculate that gf is locally L„-bilipschitz, because 6 *® is an isometry and 
by (h). By (5) it is locally 5-bilipschitz. In particular we have: 
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4.11 Proposition, is 5-Lipschitz. 

Proof. This follows from the fact that the standard metric on dom gf = coincides 
with its path metric and Proposition 4.2. □ 

Eqnip each Im(^„) with the path metric From Proposition 4.2 we obtain: 

4.12 Proposition, gn is h-bilipschitz as a function from to (Im^„, □ 

Let ff = gf\ and dehne 

nSN 

A slight modihcation of this is going to be the knot associated with x in the rednction. 
First let us show that K{x^ is indeed a knot and is in fact the image of /* which is 
the limit of the sequence {ff). 

4.13 Proposition. K{x) is a knot, i.e. an injective continuous image of S^. 


Proof. For the time of this proof 

let 

us drop the “x” from the upper case: 

iln = j... 

fn = fn- 






d{fn{s), fn+l{s)) 

= 

d{gn{s), gn9'^"+^ ^n+l(s)) 





5d{s,e^-+^U+ie-^-+^{s)), 

(8) 



= 

5die---+Ps,u+ie-^-^^is)), 

(9) 



= 

5d{tjn+iit)), 





10A„+i 

(10) 


where t = (8) follows from Proposition 4.11, (9) follows from the fact that 

is an isometry and (10) follows from (e) and (f). From (b) it follows in particular 
that J2T=n ^ ^n, so from the arbitrariness of n above, the sequence (/„) is Cauchy. 
The limit / is contained in Im^„ for every n, so Im/ C K{x) on one hand, and if 
a point is in Im^„, then its distance from Im / is at most Sn which tends to zero, so 
K{x) C Im / on the other. 

It follows from (i) that the limit, /, is injective: Let s,t E and let e = d{s, f). Let 
n be so large that 2t)en-i < s. From the above we know that d(fn, /) ^ 10 J2m>n 
which is at most 10e„+i by (b). Now 

d{fn{s)Jn{t)) < d{fn{s)J{s))+d{f{s)J{t))+d{fn{t)J{t)) 

^ 20e„+i + d(/(s),/(t)). 

So we have 

d{f{s), f{t)) ^ d{fn{s), fn{t)) - 20en+i. 

But by (i), fn is M“^-colipschitz, where 

n 

^ = n ^ ^ (11) 

m=l ^rn-\ 
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This is obtained by multiplying the colipschitz constants of the factors of /„. Thus 


^ d{fn{s),fn{t)) -20en+i 


^ —^d{s,t) - 20en+i 

^n—1 

= - 20e„+i 




^n—1 
^ n. 


^n—1 
^ 20{en — Sn+l) 
> 0 . 


■ 20£„_i — 20e„+i 


□ 


Let x' be another sequence. Let us again simplify the notation and g^ = g'^. 

For each n G N let Hn+i = (a^n+i ~ ^n+i) — — Xn)- Define homeomorphisms of 

Ti as follows: Let Hq = H^q and 


Hn+i{x) 



iix e Im(^„) 

otherwise. 


( 12 ) 


This is a homeomorphism for all n which can be seen by induction. Suppose Hn is a 
homeomorphism, then Hn+i is defined in two parts. Suppose x is on the boundary: 
X G dlm{gn). But then g~^x G and on this set is the identity. Thus 

Hn9nHy^+lg-\x) = Hnix). 

Now if X happens to be in Im(^ji+i), i.e. x = gn+i{y) for some y, then 

9n\x) = g-^gn+i{y) 

= 9n^9n0"'"+^gn+l0~""^+^{y) 

= d^^+^gn+i9~^^+^{y) 

and so g^^^x) is in by (d) and (b). Therefore by (2), if a; G Im^„+i, then we 

have 

H^^^{x) = Hr.gn9^-^-rn\x) (13) 

4.14 Proposition. H^gn = gn9^"~^" ■ 

Proof. Induction: 

Hogo = Hfo-oe-og^0--o 

= e^'o-^°e^°goe-^° (i4) 

= e^ogoe-^oe^o-^° 

= ^'^0-^0. 


Step (14) follows from the fact that restricted to the range of go, = 9^. 
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For n + 1: 


Hn+l9n+l 


HngnH^eZtl^anY^gn+l 

HnYd^"+"{gn)~^Y+l 

-r^0x'^-x„0y„+i0x„+ig^^^Q-x„+i 

g'J<+^ gn+i9-<+^9<+^-^-+^ 

n' Q^'„+l-^n+l 


□ 


In particular, since 6*^ is a bijection, Ini(i^„^„) = Ini(^^), so {Hn flrngf^) is a home- 
omorphism from Im( 5 f„) to Im( 5 f^). Since the domain of gn+i is and restricted to 
this domain we have by (b) and (2) 




ri + 1 ^n+1 


‘■Sn + l 


\Y 


£n + 2 ) 


we can also write: 


H o = o 

J-J^ng-n 


£n+l 


Now, when x G Im^„+i we can replace (12) by the equivalent 


i/.+i = g^J<- 


—1 / 


[X 


(15) 


because 


i/.+i = H^g^Hy-XJY 

= Hngjy-+^gY (16) 


Where (16) follows from (13). On 
gives for x G Im(^„) 

Hn+l 


the other hand, a similar calculation using (15) 


a' *"+i 

i/n-“£n+l 


X-l 




because 


So we have 


Hn+l 


H a Hy"+^a~^ 

^-^ngn-^-^en+i Vn 


a' U^'n-^n jgyn + l 

€n + l ^ 


£n + l • 


-1 

n 


g'nH, 


'n +1 
^n + l 


^n+1 ^ — 1 


X). 


Hn+i{x) = g^H, 


£n+l 



if x G Im(^„+i) 

(17) 

gn^Y). 

if a; G Im(^„) 

(18) 
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4.15 Proposition. Suppose x,z E Then 


d{Hn{x), Hn{z)) < z) + 5|a;^ - Xn\. 

Proof. Using Propositions 4.11 and 4.12, and (18) and (4) we can calculate: 


diH4x),H4z)) = 

^ 5d{H<-^-g-\{x),H<-^-g-f,{z)) 
^ 5d{g-\{x), g-\{z)) + 5\x'^ - Xm\ 
^ 25d^^"'~^\x, z) + 5|a;(j — Xm.\- 


□ 


4.16 Proposition. Suppose Y C X are metric spaces, 6: X -P- X is an isometric 
homeomorphism, and g: Y —)■ X is an embedding. Additionally assume that A = 
smpy^Y d{y, gy) < oo and x Elm g, y eY. Then 

d{x, 9gy) ^ d{g~^x, 9y) + 2A. 


Proof. 

dix,9gy) = d{9~^x,gy) 

^ d{9~^x,y) + d{y,gy) 

= d{x,9y) + d{y,gy) 

^ d{g~^x, 9y) + d{g~^x, x) + d{y, gy) 

^ d{g~^x,9y) + 2\. □ 

4.17 Proposition. Assume k <n and suppose 9i and 9[ are isometries of Ti of the 
form 9^ for i E {k, k + 1,... ,n}. and t E Imgn. Then 

n k n ^ 

d{t, o 9idi o O d-gf^it)) ^ d{t, O 9i9.{t)) +4^ A^. 

i=k i=n i=k . , 

i=k 

Proof. Applying Proposition 4.16 2{n — k + 1) times in a row one obtains the result. 
The first of these applications is the special case where 9 = 9^ = id: 

d{x,gy) ^ d{g~^x,y)+ 2X. □ 

4.18 Proposition. Fixn and k and let x E Imgn+k- Then 

d{Hn{x), Hn+k{x)) ^ 10 sup \x'.^ - Xm\ + 20£:„. 

m^n 

Proof. Since x E Imgn+k, we can write by (17): 

Hn{x) = g'^_,9<9---g-\{x) 
mid Hn+k{x) = 9n+k-ld"'-+^d~"''^^'^9nlk-li^)- 
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Applying (6) we can further rewrite the expression for Hn+k'- 


n-\-k—l 


H^+k{x) = g'^_, O e<g.9-<oe<^^e-^-^-g-l,_,{x). 


Adopting notations 

a = 6^'^6~^"g~]_-^^{x) and 

^ I ^ 

b = O 0^igi9~^i oe^"+>^9~^"+'^g~l^_^{x) 

i=n 

and using Proposition 4.11 we get: 

d{Hn{x),Hn+k{x)) ^ d{g^_^{a),g^_^{b)) ^ 5d{a,b). 

Now we can further rewrite b by expanding the term using (6) as 


(19) 


9n+k—l 


o 9^^g-^9-^’ 

i=n+k—l 


n 0 

O 9^^g-^9-^^o O 9^^g-^9-^^ 


i=n—l 

^ A-i 


i=n-\-k—l 
n 

= O 9^^g-^9-^^ o rnU 

i=n-\-k—l 

n+1 

= O 9^^g-^9-^^o9^-g-^9-^-g-\ 

i=n+k—l 


SO 


n+k—l 


n+1 


b= O 9^^gi9-^^ o9^-+>^9-^-+^ O O O^^g-^9-^^ o9^-g-^ o9-^-g-i^{x). 
i=n i=n-\-k—l 

Now, using the substitution t = 9~^"g~\{x) rewrite both a and b again: 
a = 9<{t), 

n-\-k—l n+1 

6=0 9^^gi9-^* o9^^+^9-^-+^ O 9^^g-^9-^^ o9^-g-\t) 

i=n i=n+k—l 

Because 9~^" is an isometry, we have 

d{a,b) = d{9-<a,9-<b) = d{t,9-<b). 

So let us dehne c = 9~^"b. Now 

c = 9-<"^0^ 9<gi9-< o9<+^9-^-+^ "O 0^^ g-^ 9-^^ o 9^-g-\t) 

i=n i=n-\-k—l 


( 20 ) 




2 =n+l 


2 =n+fc—1 


= 9^^g-^9-^' o9^"g-\t) 

i=n+l i=n+fc—1 


20 



Now re-ordering the terms, we get: 


n+k—l 


c= O O 

i=n i=n-\-k—l 

At this point we see that c is of the form that we can apply Proposition 4.17 to d(t, c). 
Thus: 

I ^^ ^ \ 

t, O o O 

i=n i=n-\-k—l / 

/ n+k \ 

< dit, O 

\ i—n+1 / 

/ n+fc \ 

= d{t, O +4'^y. 

V i=n+l ) 

/ n+fc \ 

= d t, o +4 Va,. 

\ i=n+l / 

' 7—r) 


Now, or.t+1 ^j/i+i _ g = '^'i=n+i Ui+i- But an easy calculation shows that in 

fact s = «+fc+i - Xn+k+i) - «+i - Xn+i), SO wc obtaiu 


n+k 


d{t,c) ^ d (t,6^'"+>^+^ 3:„+fc+i) 

i=n 

so applying (3) we get 

n+k 

d{t, C) ^ {x'n+k+l - Xn+k+l) - «+l - Xn+l) + 4 ^ A* 

i=n 

n+k 

^ l^n+fc+l ~ Xn+k+l I + \Xn+i ~ X^+l \ + 4 ^ ^ Aj 

i=n 

n+k 

^ 2 sup \x'n^ - x++ Ay^+i 

m^n 

i=n 

Now combining (19), (20), the fact that c = 6 ~^"b, (21) and (b) we get: 

n+k 

d{Hn{x),Hn+k{x)) ^ 2 ■ 5 sup \x'^ - Xn.| + 4 ■ 5 Ai 


( 21 ) 


m^n 


^ 10 sup \x'^ - x+ -h 20 ^ Ai 


m>n 


^ 10 sup \Xn^ - Xm\ + ^OSn- 

m^n 


□ 
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4.19 Proposition. Fix n and k ^ 1 and let x G Imgn+k-i- Then 
d{Hn{x), Hn+k{x)) ^ 15 sup \x'^- Xm\+ 

m^n 


Proof. Let y G be such that gn+k-i{y) = x and let y* G gn+^d ^"+'=) with 

d{y,y*) ^ En+k- Denote x* = gn+k-i{y*)- Now x* G \m{gn+k-i o gn+kO~^^+>‘) = 
lm{gn+k)- By Proposition 4.11 we have that d{x*,x) ^ 5en+k- Let 2 :* = g~f^{x*) and 
^ = 9n-i{x)- Now 

= g~\gn+k-i{y*) 

0 n+k—l 

= O 9^'^g^^e-^-o O 0^-g]f^9-^'‘{y*) 

k=n—l k=0 

n+k—1 

= O 9^’^g,9-^'‘{y*). 

k=n 


Similarly 


^ I ^^ 

O 9^-g^^9-^-{y). 

k=n 


So we have d{z, z*) = d{h{y), h{y*)) where 

k=n 

By the same argument as in the proof of Proposition 4.11 we have that h is 5-Lipschitz, 
so 

d{z,z*) ^ 5d{y,y*) ^ 5£n+k- 
Additionally from (4) we have 

^ diy,y*) + - x^+kl- 

Now from triangle inequality we get: 

d{Hn{x), Hn+k{x)) < d{Hn{x), Hn{x*)) + d{Hn{x*), Hn+k{x*)) + d{Hn+k{x*), Hn+k{x)) 
Let US consider the three terms separately. The hrst term by (17) and Proposition 4.11: 



d{9'n-i9<- 


^,gn-i9<-^-gn\ixl) 

= 

d{g'n-i9<- 


^e<-^-{z*)) 


hd{9<-^-\ 

[z),9<-^- 

izl) 

= 

5d{z, z*) 




‘^^^n+k 




25en. 
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The second term using Proposition 4.18: 


d{Hn{x*), Hn+k{x*)) ^ 10 sup \x'^ -Xm\+ 20e„. 


m>n 


And the third term using (18), (4), Proposition 4.11 and the facts that y = 
y* = and d{y,y*) < En+k- 

diH^^kix*), H^^kix)) ^ 


lA*)) 


= d{gAk-iH:::r"^^ {y), gU-iHl,. 


\y*)) 


^ 5d«-r ""''(y), H:::r^^\y*)) 

^ ^d{y,y*)+ 5\xAk-Xn+k\ 

^ ^^n+k T I 

^ 5en + 5 sup \x'^ 


Xr 


m>n 


Combining these we get: 

d{Hn{x), Hn+k{x)) ^ 15 sup \x'^- Xm\+ SO^n- 


□ 


m^n 


By the dehnition of for all x ^ flnsN there is m such that for all n > m 

we have Hm{x) = {x). In fact if n is such that x ^ Im^„, then Hm{x) = {x) 
for all m > n. Thus the point-wise limit TToo = hm„_^oo Hn is well dehned on the 
complement of K{x) for which we have 


X ^Imgn ^ H^{x) = Hn{x) (22) 

Hoo is a homeomorphism taking the complement of K{x) to the complement of K{x'). 

Suppose X G Im^„_i \Im^„ and 2 ; G Im^„+fc_i \Im^„+fc, k ^ 1. Now from (22) and 
Propositions 4.15 and 4.19 we have: 


d{H^{x),H^{z)) 


= 

d{Hn( 

t), 

Hn+k 

A)) 



d{Hn[ 

t), 

Hn{z 

)) + diH^ 

.{zf Hji^kiz)) 


25dPd 

i-i) 

{x,z) 

+ 5K - 

Xn\ + 15 sup \x'^ — 






ra^n 


25dPd 

t-i) 

{x,z) 

-h 20 sup 

\x'^-xj\ -F50en. 


m^n 




The latter is independent of k, so (changing n — 1 to n) we have for all a; G Im^„ \ 
Im^„+i and 2 : G Im^n+i that: 

d{H^{x),H^{z)) < lOOidP^'^^x, z) + sup \x'^ - xj\ -f £n+i)- (23) 

m>n 


4.20 Proposition. If {zn) is a Cauchy sequence with z^ G Im^„ then for every e there 
is n such that for all m > n we have d^^'^^Zn, Zm) < £■ 
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Proof. If not, pick an e and a subsequence (zn^) so that for all k we have {zn{k), Zn{k+i 

e where Uk = n{k). Fix k so large that ben{k)-i < Now for all k' we have 
n(fc'), ^n(fc'+i)) ^ ^ ^£n(k)-i- Now we cau pick k' > k to be so big that 

d{zn{k’),Zn(k’+i)) < £n{k)- By Propositiou 4.12, we have 

Cpi ( (^Zn(k')T Zn(k'+1)) ^ '^d{^gn{k)^Zn{k'))) 9 .^(^j^^{,Zn(k'+!))')■ 

So we have 


^ ^d{gn(k)i^n{k')), 9n{k)^n-P'+l)) 

^ d{9n(k)^n{k'), gn(k)^n{k'+l)) 

And because gn{k) is en(fc)-i/£n(fc)-colipschitz (cf. (11)), 

^(^n(fc)) ^n(A:')) ^ ^n(fc)/^n(A:) —^ ^n{k) 

which is a contradiction with the choice of . □ 


" ^n{k) — l 


4.21 Proposition. If hni„_,.oo (a;(j — Xn) = 0, then the knots K{x) and K{x') are 
equivalent. 


Proof. It remains to show that FToo which is a homeomorphism from the complement of 
K{x) to the complement of K{P) extends to the knots themselves. It will follow if we 
show that a sequence (zn) in the complement of K{x) is Cauchy if and only if {Hac{zn)) 
is Cauchy in the complement of K{P). The “if” part will follow by symmetry once 
we prove the “only if” part. 

So suppose {zn) is Cauchy in the complement of K{x) and £x e. For each n let k{n) 
be the largest number such that Zn G Im^fc(„). Without loss of generality assume that 
k{n) is strictly increasing in n. Choose n so large that for all m > n, Zm) < 

e/3 which exists by Proposition 4.20, so that 100sup,„^„+i \x'^ — Xm\ < s/3 which is 
possible by the convergence, and so that lOOSn+i < e/3 which is possible by (b). Since 
Zn e \m.gk{n) \ Im^fc(n )+1 and Zm e gk{n)+i for m > n, by inequality (23) we have for 
all m > n 


d{H^{Zn),H^{Zm)) < 100{dP‘'’"^'^''\Zn, Zn,) + SUp \x'^ - Xm\ + e k(n)+l) 

m^/c(n)+l 

< 100 (d^(”^(^„, Zm) + sup \x'^ -Xm\+ £n+l) 

m^n+l 

5 5 £ 

^ - H-h - 

3 3 3 

= e. 


The second inequality follows simply from the fact that k{n) ^ n. 
Recall the definition of /^, just prior to Proposition 4.13. 


□ 



4.22 Proposition. Suppose {xn{k))k is a convergent subsequence of {xn) which con¬ 
verges to some a. Let e > he arbitrarily small and let 7 be the connected component 
of f^[S^] n B{f^{a),e) with f^{a) G 7. Then there exists k such that for all k' > k, 
(i?(/*(a), e), 7) contains Kn(k') strongly as a component. (Recall Definition f.B.) 

Proof. For simplicity of notation denote Uk = n{k). Let k be so big that 5{d{xn{k), 0 ) + 
An(fc)) < £/2. Let k' > k. Now 


has Kn(k') (strongly) as a component in B{xn{k'), ^n{k')) by (f) and so 

/n%0 = 

contains Kn{k') strongly as a component inside 

and this is witnessed by 20en+i by (c) and Lemmas 4.4 and 4.6. On the other hand 
< 10e„+i ^ (20e„+i)/2 which by Lemma 4.7 means that /* has Kn(k') as 
a component in 

as well. On the other hand, by the choice of k, 

g^_i[B{xn{k'), K{k'))] C B{f^{a),e). □ 

4.23 Proposition. Suppose a, a' G S^, n eN and B G S^ are such that B is a set 
homeomorphic to a closed ball with f^{a) in the interior and f^{a') in the exterior. 
Suppose {xn{k)) is a subsequence converging to a'. Let 7 he the connected component 
of f^ n B which contains f^{a). Then there exists k such that for all k' > k, (5,7) 
does not contain Kn(k') strongly as a component. 

Proof. Since B is closed, there is B', also homeomorphic to a closed ball which contains 
f^{xn) in the interior and disjoint from B. Let 7' be the connected component of 
/* n B' which contains f^{a'). Then Let k be as given by Proposition 4.22, i.e. for all 
k' > k, (5', 7') contains Kn(k') strongly as a component. If now also ( 5 , 7 ) contains 
Kn{k') strongly as a component, then it is easy to see from the dehnition of strong 
components that /* contains Kn(k')ffKn{k') strongly as a component. But this is 
impossible because d{f^,ff() q ^^d f(( does not contain Kn(k')ifKn{k') strongly 
as a component for any m. □ 

4.24 Proposition. Suppose (a;(j) and {xn) are such that there exists A C N so that 
for all n E A x'^ = x^ and {x'^^ \ n E A} = {xn \ n E A} is dense. Then, if 
lim„_,.oo (a;(^ — Xn) does not exist, then the knots K{x) and K{x') are not equivalent. 
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Proof. The set — Xn) \ n ^ A} must have at least one cluster point by the 
compactness of and at least one cluster point that is not equal to 0, because 

otherwise [x'^ — Xn) would converge to zero. Let {n{k))k be an increasing sequence of 
natural numbers so that 2: = limfc^oo(a^^(fc) — Xn{k)) exists and 2: 7^ 0. Further, take a 
subsequence of this {n{k{j)))j such that {xn{k{j)))j and converge to points 

a, a' G respectively. These points must be distinct, in fact a' — a = z. We will 
now arrive at a contradiction from the assumption that there is a homeomorphism 
h: ^ with h[K{x)] = K{x'). There are two cases: 

Case 1 h{f^{a)) = f^'{a'). Let e be so small that 

and 

B(f\a),E)nhlB(r(a),E)] = 0. 

The last is possible because h{f^{a)) = f^'{a') 7^ Since {xm | m G A} is 

dense, pick a subsequence {xm(k)) converging to a. Let 7 and 7' be the connected 
components of /* fl B{f^{a),e) and f^' fl h[B{f^{a),e)] containing /^(a) and 
/* (a') respectively. Note that in fact h['f\ = 7'. By Proposition 4.22 there 
is /c G A such that (i?(/*(a),e),7) has Km(ki) strongly as a component for all 
ki> k and by Proposition 4.23 there is k’ such that (/i[i?(/*(a),e)],7') does not 
have Km(k 2 ) strongly as a component for any k 2 > k’. By taking k^ > max{A;, k'} 
this contradicts Lemma 4.6. 

Case 2 h{f^{a)) 7^ f^'{a'). This is similar to Case 1, but it is also presented here for 
the sake of completeness. Let e be so small that 

B{f{a),e)nB{f{a'),e) = 0 

and 

B(r'(a'),e)nA[B(r(o),e)| = 0. 

Let 7 and 7' be the connected components of /®ni?(/*(a), e) and r\h[B{f^[a),e)] 
containing f^{a) and (o') respectively. By the above, {xn(k{j))) converges to 
a, so by Proposition 4.22 there exists jo such that for all j > Jo, (5(/®(a),£),7) 
contains Kn(k{j)) strongly as a component. On the other hand {,x'^(^k(j))) converges 
to a' which means by Proposition 4.23 that there is ji such that for all j > ji 
(/i[iJ(/*(a),e)],7') does not contain Kn{k{j)) strongly as a component. This is 
again a contradiction with Lemma 4.6. □ 

Now we are ready to prove the main theorem. 

Proof of Theorem 4-1. Fix a dense (zn) C S^. Let {xn) G and dehne (?/„) by 

y 2 k = Zk and y 2 k+i = Xk for all k. Then let F{x) = K{y) as dehned by (7). Suppose 
{xn) and are i7*-equivalent sequences. Let (?/„) and be the corresponding 
sequences as above. Now {x^ — Xn) 0 and of course also (yj — Un) 0. So by 
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Proposition 4.21 and Kijjn) are equivalent. Suppose that — Xn) does not 

converge to zero. Then — yn) does not converge at all. Taking the even numbers 
as A, Proposition 4.24 implies that K{y'^) and Kijjn) are not equivalent. 

Let us show that the reduction is continuous. Let x be a sequence and e > 0 and 
let us hnd a neighborhood U oi x such that for all K E U we have d{K{x), K{x')) < e. 
Let k be so big that 21ek < s. For n ^ k let Let 


5 


n 


£k 

3-2«(A; + l)‘ 


(24) 


Let U be the neighborhood 


k 

n=0 n>k 

For m <n denote (^f- 6). Now for all 2 : G and x' E U 

we have 




= <i((»-9„r- o jf,)(^), » g,)(z)) 

$ li'o-Xol0 9f,»)(2), (goS^*" 0 9fl)(2)). 


The last inequality holds for a similar reason as (4). The hrst equality is by the 
dehnition (6) and the second follows from that 6^ is an isometry. Continuing the chain 
of inequalities, using the facts that \x'q — XqI < 5o and go is Lo-Lipschitz and Lq < 2, 
(by (b), (h), Proposition 4.2 and the discussion after it), we have 

« 4 + 2d{(0-« o jf,)(^), (e-< ogj;)(^)) 

= S, + 2d{(e<-‘«>ogl,)(z),gfjz)) 

« 4 + 2(i„ + <;(gf,^(9)gf;(g))) 

= SiSo + 2 o!(gft( 9 ), gfg.( 2 ))). 


Continuing by induction in the exact same way we get 

= 3So + 2d{gli,{z),g(i,{z))) 

^ 3ho + 2(3(5i + 2d{g2^k{z)-,g2,k{z))) 

^ 3ho + 3 ■ 25i + 2‘^d{g2^k{z)-,g2,k{z))) 


^ 3(5o + 3 ■ 2(5i + 3 ■ 2^52 + ■ ■ ■ + 3 ■ 2^4 

k 

= 3-2-4. 

n=0 
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By the definition of (5„, (24), this equals to 


E 

n=0 




k + 1 


= Sk. 


Thus, we get that for all 2 : G and x' E U we have 

digtiz), 9k {z)) ^ Ek 

and in particular for all s E and and x' E U we have 

d{f!{s)J^'{s))^ek. 


From the proof of Proposition 4.13, we know that in the sup-metric 

difl^n^lOSk and d(/f,r')<10£. 


so from the above and the choice of k, we have 

dif,f)^21ek<e 


in the sup metric. But this of course implies that the Hausdorff distance of K{x) = 
Im(/*) and K{x') = Im(/* ) is at most e as well. Since the function x eE y in the 
definition of F{x) is continuous on the reduction F is continuous. □ 

Remark. As remarked after (22), all knots in the above construction have homeomor- 
phic complements. This strengthens the side remark of [Nanl4] that there are un- 
countably many non-equivalent knots with homeomorphic complements to that there 
is a non-classifiable uncountable set of knots all of which have homeomorphic comple¬ 
ments. 
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